On the Scalability of Graph Kernels
Applied to Collaborative Recommenders

Jérome Kunegis, Andreas Lommatzsch, Sahin Albayrak ! and Christian Bauckhage 2
{kunegis, andreas, sahin}@dai-lab.de, christian.bauckhage@telekom.de

Abstract. We study the scalability of several recent
graph kernel-based collaborative recommendation algorithms.
We compare the performance of several graph kernel-based
recommendation algorithms, focussing on runtime and rec-
ommendation accuracy with respect to the reduced rank of
the subspace. We inspect the exponential and Laplacian expo-
nential kernels, the resistance distance kernel, the regularized
Laplacian kernel, and the stochastic diffusion kernel. Further-
more, we introduce new variants of kernels based on the graph
Laplacian which, in contrast to existing kernels, also allow
negative edge weights and thus negative ratings. We perform
an evaluation on the Netflix Prize rating corpus on prediction
and recommendation tasks, showing that dimensionality re-
duction not only makes prediction faster, but sometimes also
more accurate.

1 Introduction

In information retrieval, the task of filtering and recommend-
ing items to users is often done in a content-based manner [1].
Collaborative filtering, by contrast, bases item rankings on
ratings collected from users [13].

A collaborative filtering system therefore usually consists of
a database of users, items (such as text documents or movies),
and a collection of ratings that users have assigned to these
items.

Collaborative rating databases are modeled as bipartite
graphs, where users and items are represented by means of
nodes, and the ratings by means of labeled edges. Recently,
kernels have been used to tackle the task of recommendation.
Graph kernels in particular are based on the rating database’s
underlying bipartite graph model. Traditionally, this type of
kernel only copes with positively rated links. For a recommen-
dation application this is a drawback since users may want
to express their dislike and therefore may also assign nega-
tive ratings. In this paper, we therefore introduce kernels for
collaborative rating prediction which also cope with negative
ratings.

In order to scale to the size of current rating databases, col-
laborative recommendation algorithms must be able to pro-
cess very large rating corpora. This necessitates some form of
dimensionality reduction. Of course, dimensionality reduction
will influence prediction accuracy and runtime. In this paper,
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we study the performance of collaborative recommendation
algorithms in combination with dimensionality reduction.

Our contributions are therefore as follows: First, we study
the prediction accuracy of graph kernels for recommendation
on signed data, as opposed to unsigned data. Second, we in-
troduce signed variants of all graph kernels that are based on
the graph Laplacian. Third, we evaluate the influence of di-
mensionality reduction on the recommendation accuracy and
runtime performance for both training and prediction.

Next, we first review related work; we then introduce terms
and definitions used in collaborative filtering. The different
graph kernels we consider in this paper are presented in the
third section and the fourth section describes how to apply
dimensionality reduction to each of these kernels. Afterwards,
we discuss the application of graph kernels to recommendation
algorithms. Finally we present and discuss our experimental
evaluation.

2 Related Work

For a general description of collaborative rating prediction,
we refer the reader to [2]. Graph kernels have been used for
collaborative recommendations in [3]. The authors of [6] apply
kernels to link analysis. In this study, the underlying graph is
weighted by only positive values.

The matrix exponential has been used outside of computer
science for sociometric analysis [8], and has been rediscovered
for collaborative filtering recently [12].

Dimensionality reduction for collaborative filtering is dis-
cussed in [14]. This previous work however only apply dimen-
sionality reduction to the adjacency matrix of the bipartite
rating graph, without using graph kernels. This reference gives
values for the optimal reduced rank between 5 and 15. We will
refer to this method as simple dimensionality reduction.

As computation of dense kernels is too expensive in the
case of large rating databases, sparse methods have to be
employed, which in the general case scale much better than
dense methods [4].

3 Definitions

Throughout this paper, we assume U to be the set of users
where |U| = m, likewise we assume I to be the set of items
where |I| = n. The rating database is represented by means of
a sparse matrix R € R™*™ whose number of nonzero elements
is denoted by r.



The sparse matrix R corresponds to a weighted bipartite
rating graph G = (V, E,W) where V = U U [ is the set of
vertices and E the set of edges. For every rating R.,; # 0,
E contains an edge (u, 1), the corresponding edge weights are
given by W,; = Ry;. Since we want to consider positive and
negative ratings, we do not restrict W to nonnegative values.

The adjacency matrix A € RMTWx0n+n) of & g given

by A = and we also define a diagonal degree

RT
matrix D whose entries D;; contain the sum of adjacent edge
weights of the corresponding node i. The graph Laplacian is
then given by L = D — A.

For our extension to the case of negative ratings, we also
define the absolute degree matriz D, which is a diagonal ma-
trix, too, and contains the sum of absolute edge weights for
each node. Analoguously, we define L = D — A.

4 Graph Kernels

In this section we present the kernels evaluated in this paper.
For all except one of these, we introduce new variants in order
to be able to deal with signed rating data. We also describe
dimensionality reduction in itself, which is not a kernel but
can be used in place of a kernel.

All kernels are based on the following observation: If K €
RY*V is a symmetric matrix, then the following function d
is a d15s1m11ar1ty matrix: d(’L,]) = K” + K]']' — Kl’]’ — K]l Its
square root is an Euclidean metric in the space spanned by
the eigenvectors of K, and its inverse is a similarity measure
between any two nodes [9]. In the next paragraphs, we give
expressions for the matrix K for the various kernels.

Rank reduced adjacency matrix kernel. The adja-
cency matrix A itself may be interpreted as a kernel, because
if two nodes are similar (positively or negatively) they will be
connected by an edge. However, in order to derive predictions
for items that were not rated so far, this kernel is only useful
after a rank reduction has been applied. We simply set

Kpm=A

Exponential diffusion kernel. [10] defines the exponen-

tial diffusion kernel using the matrix exponential:
Kepxp =exp(ad) =37, %aiAi

Since A™ contains the number of paths of length n be-
tween any two nodes, this kernel represents an average of path
counts between nodes, weighted by the inverse factorial of
path length. Therefore, longer connections are less influential
than shorter ones.

Resistance distance kernel. This kernel is also called the
commute time kernel. It results from interpreting the graph
G as a network of electrical resistances with resistance values
given by the edge weights W. Given a pair of nodes, the total
resistance induced by the network is a distance given by the
following kernel [16]:

Krgs = LT = (D - A)*"

where LT denotes the Moore-Penrose pseudoinverse of the
Laplacian matrix.

In order to also account for negative edge weights, we define
a signed resistance distance kernel [11]

Krms_s = Lt = (D — At

where we apply the absolute degree and Laplacian matrix
as defined in the previous section.

Stochastic diffusion kernel. This kernel is based on a

stochastic diffusion process and hence only applies to positive
data [10].
Ksto = (1 —a)(I —aD'A)™!

The parameter o denotes the probability in the diffusion
process of following a graph edge instead of returning to the
starting node. The matrix D~ ! A is a stochastic diffusion ma-
trix, and this kernel is therefore designed for positive data.

As with the resistance distance kernel, this kernel is a new
variant of the stochastic diffusion kernel which also takes into
account negative ratings

Ksto_s = (1 — a)([ — aDilA)il

Laplacian exponential diffusion kernel. The Laplacian
exponential diffusion kernel applies the matrix exponential to
the Laplacian [3,15]:

Kiex = exp(—al) = exp(—a(D + A))

We found this kernel to perform poorly in practice. How-

ever, a signed version leads to acceptable results.
Kirex—s = exp(—al) = exp(—a(D + A))

In the evaluation, we will only use the signed Laplacian
exponential diffusion kernel.

Regularized Laplacian kernel. This kernel is a general-
ization of the random forest kernel [3].

Krer = (I +a(yD — A))™*

The random forest kernel itself is based on random forest
models [3]. It arises in the calculation of weighted counts of
forests of G in which two nodes belong to the same tree.

Kror = (I+L)~!

We do not show the random forest kernel in the evalua-
tion because it performs similarly to the regularized Lapla-
cian kernel. We also define a signed variant of the regularized
Laplacian kernel:

Kre-s = (I + a(yD — A))~!

We only use the signed regularized Laplacian kernel for
evaluation, as it performs much better than the unsigned vari-
ant.

All these kernels are based on matrix inversion or exponen-
tiation and cannot be computed directly.

5 Dimensionality Reduction

Given the huge but sparse adjacency matrix A, any compu-
tation of graph kernels will require dimensionality reduction.
If A= QAQT denotes the eigenvalue decomposition of the
symmetric matrix A, a rank-k approximation of A is given by
A= QrALQT, where k <« m + n is the desired rank and Q
and Ak denote the corresponding truncations of @@ and A.

This kind of dimensionality reduction is also known as la-
tent semantic analysis and is frequently used for projecting
high-dimensional data into lower dimensional spaces.

In order to apply this reduction to a kernel K, we observe
that all kernels which we presented in the previous section
can be expressed as K = Qf(A)Q”, where Q and A are given
by the eigenvalue decomposition of the a linear combination
of the matrices A and D. The function f(A) depends on the
individual characteristics of the kernel. Note that f(A) can be
computed efficiently because it only only has to be applied to
the diagonal matrix A. In the kernels we consider in this pa-
per, three different types of f(A) occur: Matrix inversion, the
Moore-Penrose pseudoinverse, and the matrix exponential.

The rank reduced kernels are then computed as in the fol-
lowing example: If oA = QAQT then Kexp = Qk exp(Ax)QF.



We also note that the truncation mode depends on the oper-
ation performed. For inversion and pseudo-inversion, we must
retain the eigenvalues closest to zero, excluding zero eigenval-
ues for the pseudoinverse. For the matrix exponential, we re-
tain the biggest eigenvalues and corresponding eigenvectors.
For simple dimensionality reduction, we retain the eigenvalues
with biggest absolute value.

6 Recommendation and Prediction

In this section, we describe the basic rating prediction algo-
rithm, and the rating prediction algorithms based on graph
kernels.

A common preprocessing step in collaborative filtering is to
normalize the rating data. Normalization can be user-based
or item-based [5]. For user-based normalization, each user’s
nonzero ratings are scaled to zero mean and unit variance,
but zero entries of A remain unchanged.

In our implementation, we use a hybrid of user-based and
item-based normalization. Given a rating r, the normalized
rating 7 is computed using the user’s and item’s mean rating
and rating standard deviation:

F=(2r — pru — pi)/(ou + 03) (1)
Once a rating has been predicted based on the normalized
rating matrix, it has to be scaled back to the user’s original
range of ratings by inverting Equation (1).

Given a user v and item ¢ and ignoring normalization, the
baseline user-based rating prediction algorithm [13] proceeds
as follows:

1. Retrieve all ratings of item i according to other users.
2. Compute the average over these ratings, weighted by the
correlation between the other users and user w.

To predict ratings using a kernel, the correlation step in this
algorithm is replaced by computing the similarity measure
induced by the kernel. Since collaborative filtering considers
user-user or item-item similarities, we consider distinct kernels
for the sets of users and items respectively.

Recommendation is implemented by predicting ratings for
all possible items, and choosing the items with the highest
rating prediction, in function of the number of items searched.

7 Evaluation

We use the Netflix Prize corpus of ratings® for evaluation.
Out of the whole corpus, we use a subset of 3,216 users, 1,307
items and 57,507 ratings. The corresponding rating matrix is
filled to 1.37%. The test and training samples were drawn at
random from the complete rating set.

We measure the accuracy of rating prediction using the
root mean squared error (RMSE) which is the square root of
the average over all squared differences between the actual
and the predicted rating. This precedure is standard in the
collaborative filtering literature [2].

the accuracy of recommendation is given by the normalized
discounted cumulated gain (nDCG), as defined in [7].

3 http://www.netflixprize.com/
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Figure 1. Comparison of recommendation accuracy in function
of the reduced rank k for all kernels. This figure shows the
normalized discounted cumulated gain (nDCG). Higher values
denote better recommendation.
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Figure 2. Comparison of rating prediction error in function of
the reduced rank k for all kernels. This figure shows the root
mean squared error (RMSE). Lower values denote more accurate
rating prediction.

For testing the scalability of the different kernel methods,
we varied the parameter k from 1 to 27 for each kernel. Fig-
ure 1 shows the nDCG in function of k for all kernels in the
recommendation task. Higher nDCG values denote more ac-
curate recommendations. Figure 2 shows the RMSE in func-
tion of k£ for all kernels in the prediction task. Lower RMSE
values denote more precise predictions.

Asymptotic behavior. We observe two different patterns
of asymptotic behavior. Some kernels attain their best perfor-
mance asymptotically for big k, while others reach an opti-
mum for a specific value of k. Table 1 summarizes these find-
ings. We note that most kernels (EXP, REL-S, RES, RES-S,
STO-S) show an inverted behavior on the recommendation
task than on the prediction task. Although simple dimension-



ality reduction shows isolated peaks for specific values of k,
there is no recognizable pattern for this kernel.

Table 1. Classification of graph kernels by their asymptotic
behavior. The left column groups the kernels attaining their best
performance at a specific, small value of k. The right column
contains the kernels having asymptotic optimal behavior for big
k. Kernels showing neither behavior are omitted.

Kbest = +00

EXP, RES, RES-S
STO, STO-S, REL-S
LEX, STO

kb est — ko
Recommender DIM

EXD, RES, RES-S
STO-S, REL-S

Prediction

Choice of k. Algorithms with asymptotically optimal per-
formance reach their almost-optimum for & = 5. The other
kernels peak between £k = 2 and £ = 5. Both observations
suggest that a value £ > 5 is not needed for this size of cor-
pus.

Stability. At the task of rating prediciton, all kernels per-
form smoothly in function of k. At recommendation, only the
resistance distance and regularized Laplacian kernels perform
smoothly. The other kernels’ performances vary much more
with changing k. We must therefore recommend the resistance
distance and regularized Laplacian kernels as their results are
more predictable and consistent.

Good recommender but bad predictor. We observe
that the regularized Laplacian kernel shows acceptable rec-
ommendation accuracy, but bad prediction accuracy except
for a small peak at k = 2,3. We interpret this performance as
a correctly ranked prediction which however does not match
the actual values.

Simple dimensionality reduction. Dimensionality re-
duction itself performs worse than all proper kernels as ex-
pected. Also, the accuracy of simple dimensionality reduction
seems to oscillate between better performance for even k and
worse performance for odd k. We explain this by the fact that
the spectrum of A contains pairs of eigenvalues +\ because
the rating graph is bipartite. Apparently, using only one of
these two eigenvalues and its respective eigenvector leads to
lower accuracy.

Laplacian vs adjacency matrix. We observe that ker-
nels based on the graph Laplacian perform better than kernels
based on the adjacency matrix. The resistance distance ker-
nel, which corresponds to the inverted Laplacian, is definitely
better than simple dimensionality reduction, and Laplacian
exponential kernel, while not more accurate than the expo-
nential kernel, has more stable behavior for changing k.

Signed kernels better than unsigned. The signed vari-
ants all performed better than the unsigned counterparts.
The near-exception are the stochastic diffusion kernels on the
prediction task, where the unsigned variant is more accurate
asymptotically. However, the overall peak is reached by the
signed variant at k = 3.

Overall best kernel. For the choice of overall best kernel,
we select the signed resistance distance and signed Laplacian
exponential kernel. The exponential kernel comes close but
has worse stability for varying k, making it difficult to recom-
mend in practice.

8 Conclusion and Future Work

In this paper, we studied the prediction accuracy of collabora-
tive recommender and rating prediction algorithms based on
graph kernels. We considered eight different kernels, including
three novel, signed variants.

We found that small reduced ranks are acceptable in most
cases depending on the rating corpus and that kernels based
on the graph Laplacian are usually better than kernels based
on the adjacency matrix. Also, we showed that dimensional-
ity reduction not only reduction the runtime but also makes
collaborative recommenders more accurate. We also showed
that most kernels can be used in the context of signed rating
data, when new signed kernel variants are used.
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