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ABSTRACT

We introduce and study the spectral evolution model, which
characterizes the growth of large networks in terms of the
eigenvalue decomposition of their adjacency matrices: In
large networks, changes over time result in a change of a
graph’s spectrum, leaving the eigenvectors unchanged. We
validate this hypothesis for several large social, collabora-
tion, authorship, rating, citation, communication and tag-
ging networks, covering unipartite, bipartite, signed and un-
signed graphs. Following these observations, we introduce
a link prediction algorithm based on the extrapolation of
a network’s spectral evolution. This new link prediction
method generalizes several common graph kernels that can
be expressed as spectral transformations. In contrast to
these graph kernels, the spectral extrapolation algorithm
does not make assumptions about specific growth patterns
beyond the spectral evolution model. We thus show that it
performs particularly well for networks with irregular, but
spectral, growth patterns.

Categories and Subject Descriptors: H.4 Information
Systems Applications: Miscellaneous

General Terms: Algorithms, Theory, Performance

Keywords: Graph kernels, link prediction, spectral graph
theory

1. INTRODUCTION

Many learning problems on networks can be described as
link prediction: finding movies a user might like, recom-
mending friends, predicting communication events, or find-
ing related topics in a collaboration graph. In each of these
cases, a given network is assumed to grow over time and the
task is to predict where new edges will appear and, in some
cases, to also predict their weights.

Any given link prediction algorithm can be interpreted as
a model of graph growth, by assuming that networks grow
according to its predictions. In this paper, we are concerned
with those link prediction algorithms that have an algebraic
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description. We show that they imply a network growth
model that we call the spectral evolution model. The spec-
tral evolution model states that in terms of the eigenvalue
decomposition of a network’s adjacency matrix, growth can
be described as a transformation of the eigenvalues, without
significant change in the eigenvectors. Several common link
prediction functions are of this form, such as rank reduc-
tion and the matrix exponential. These functions are graph
kernels, and each of these algorithms represents a specific as-
sumption about network growth, leading to a different spec-
tral transformation function. The goal of this study is thus
to give a method of choosing graph kernels, and further-
more to generalize them to a generic spectral link prediction
algorithm that only assumes the spectral evolution model.

By observing the spectral evolution of large networks, we
arrive at two results:

e First, we validate individual spectral link prediction
functions by comparing them to actual spectral growth.
This allows us to observe in a simple way whether a
particular spectral link prediction function is suitable
for a given network.

e Second, instead of using a specific spectral link pre-
diction function which may rely on invalid assump-
tions, we extrapolate the spectral growth of the net-
work. This has two advantages: If a network grows in
accordance to a given link prediction function, we can
observe this. If a network does not, then we obtain a
link prediction algorithm that still works better than
any simple spectral link prediction function.

In the examples we study, the majority of networks grow reg-
ularly when we look at single latent dimensions, but when
we look at the whole spectrum they grow irregularly. This
observation leads to the spectral extrapolation algorithm
that we describe in this paper. As we will show, this al-
gorithm has the advantage of being data-driven and free of
any kernel-induced parameter, making it generalizable to
networks of many different types.

We study the spectral evolution model in unipartite and
bipartite, weighted, unweighted and signed network datasets
from different application areas. We begin by introducing a
motivational example and then define the spectral evolution
model in Section2l The model is tested on real networks in
Section [3]and on common graph growth models in Section [4]
As an application, we introduce the spectral extrapolation
algorithm for link prediction in Section[5} Section [0] reviews
related work and extensions to our approach, and Section
concludes this paper.
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Figure 1: As edges appear in a network, the eigen-
value decomposition of the network’s adjacency ma-
trix evolves spectrally according to the spectral evo-
lution model.

2. MOTIVATION: FRIEND OF A FRIEND

We introduce the spectral evolution model here using the
example of a social network and the common “friend of a
friend” graph growth model. Given a network of n users
connected by friendship links, let its adjacency matrix A €
{0,1}"*™ be defined as A;; = 1 when users ¢ and j are
connected and A;; = 0 otherwise. We then consider the
eigenvalue decomposition A = UAUT. It can be shown that
several common link prediction algorithms can be expressed
as UF(A)UT, where F is a function that applies the same
real function f to each diagonal element of A [16].

An example is given by the matrix exponential exp(A) =
S22, A?/il, which can be written as

exp(A) = exp(UAU") = Uexp(A)U” (1)

where exp(A) can be computed by applying the exponential
function to A’s diagonal elements. The matrix exponential
can be interpreted as a link prediction function as follows:
Since the matrix power A’ gives the number of paths of
length i between any two nodes, the matrix exponential gives
the sum over all paths between any two nodes, weighted by
the inverse factorial of path length. This characterization
of the matrix exponential makes it suitable as a realization
of the “friend of a friend” model: All predicted links close
triangles or longer cycles, and parallel paths between two
nodes reinforce their connection while short paths make the
connection stronger.

At the same time, Equation shows that the matrix
exponential is a spectral transformation of the adjacency
matrix A. As we will see later, several other link prediction
functions can be expressed as spectral transformations too,
and provide the basis of the spectral evolution model: that
all network growth is of this form.

2.1 The Spectral Evolution Model

The spectral evolution model states that the evolution of
a network can be described by a change in the network’s
spectrum, while the network’s eigenvectors stay largely con-
stant over time. If A is the adjacency matrix of a network
at the time ¢, the spectral evolution model states that there
is an orthogonal matrix U and diagonal matrices A ) such
that Ay = UAMUT is a valid eigenvalue decomposition
for all t. Figure [1| summarizes the proposed spectral evolu-
tion model. To examine the validity of this model, we follow
two approaches:

First (in Section [B)), we examine the evolution of real-
world networks over time. To make our analysis as gen-
eral as possible, we look at several types of networks: social
networks, collaboration networks, communication networks,
authorship networks, rating networks, citation networks and
folksonomies. Some networks, such as rating graphs, have
edge weights, others have negative edges, such as friendship
and enmity networks, and others are unweighted. The spec-
tral evolution model also applies equally to unipartite and
to bipartite networks.

The second test of the spectral evolution model (in Sec-
tion is theoretical: Several existing models of network
growth predict spectral network evolution. We derive this
for common graph kernels, including the matrix exponen-
tial, the von Neumann kernel, rank reduction methods, path
counting, and community models. We also show that spec-
tral evolution is specifically not implied by a random per-
mutation model, rendering the spectral evolution model non-
trivial and its observation in so many network types signifi-
cant.

3. EXAMINING LARGE NETWORKS

In this section, we examine a collection of large network
datasets in order to verify the spectral evolution model em-
pirically for a large variety of network types. In total, we
examined 119 large networks. A subset of these datasets
is listed in Table The networks under study are of the
following types:

e Social networks are unipartite networks of persons
connected by friendship links. A few social networks
have enmity relations in addition to friendship rela-
tions, represented by the edge weights +1/—1. Only
one edge is present between any node pair.

e Collaboration networks are networks of scientists
connected by collaboration events, e.g. the publication
of a common paper. Multiple edges may be present
between any node pair.

¢ Communication networks are networks of computer
users and emails sent to each other. Multiple edges
may connect any two nodes.

e Authorship graphs are bipartite networks of Wiki-
pedia project users and articles, where an edge repre-
sents a single edit. Multiple edges are possible.

e Rating networks are bipartite graphs between users
and items, with edges representing a numerical assess-
ment of an item by a user. Only one rating is possible
for each user—item pair.

e Citation networks are unipartite networks of docu-
ments and links or citations between them. There are
no multiple edges.

e Folksonomies are bipartite item—tag networks that
denote assignments of tags to items. There may be
multiple edges between any item—tag pair. The users
of folksonomies are not included in our analysis.

In all cases, edge creation times are known, for instance
the moment a friendship forms, or the publication date of a
paper.

We will denote the symmetric adjacency matrix of a net-
work by A. For unweighted networks, this is a 0/1 matrix.
For networks in which multiple edges are allowed, the en-
tries are nonnegative integers. For signed networks, A is
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Figure 2: The spectral evolution of large real-world
networks. At each time, the graphs show the £ dom-
inant eigenvalues or singular values of the network
at that time. (a) The bipartite Netflix rating graph,
(b) The Facebook social network.

a —1/0/+1 matrix. In rating networks, the matrix entries
are the rating values, from which the mean rating has been
subtracted. Bipartite networks have special structure which
can be exploited by working with the biadjacency matrix,
whose singular values correspond to the absolute eigenval-
ues of the adjacency matrix. We will make all derivations
for the eigenvalue decomposition, but understand that the
singular value decomposition can be used analogously.

3.1 Spectral Evolution

For each network, we split the set of edges into n = 71 bins
by edge arrival time. For each bin, we take a snapshot of the
network after the arrival of that bin’s edges, and compute
the first k& eigenvalues or singular values of the resulting
adjacency matrix, for symmetric and asymmetric networks
respectively. We denote A(;) the adjacency matrix of all
edges present after time ¢t. Thus A(,) is the full adjacency
matrix.

Figure [2| shows the spectra of several large networks as
functions of time. The number of computed eigenvalues k
is chosen in function of network size to give reasonable run-

times. A first inspection of these plots shows that the eigen-
values and singular values grow over time. The observed
growth is sometimes regular, as in the case of Netflix, and
sometimes irregular, as in the case of Facebook. A few ob-
servations can be made immediately: Eigenvalues can have
growth patterns so different from each other that one may
overtake another. In the Facebook network, one eigenvalue
is even constant in the second half of the growth. These
irregularities indicate that simple graph kernels such as the
matrix exponential cannot work well, as they apply the same
function to each eigenvalue, and thus cannot predict that a
latent dimension is stagnant, even though this is easy to see
by experiment.

For our analysis of spectral growth to be complete, spectra
must not only grow, but eigenvectors must be stable. This
is inspected in the next test.

3.2 Eigenvector Evolution

We have seen how network spectra change over time. We
will now verify whether eigenvectors are stable as predicted
by the spectral evolution model.

We compare, for each time ¢, the eigenvectors A, with
the eigenvectors of A(,) of the complete network in Fig-
ure The plots show one curve for each latent dimen-
sion k, showing the number of edges added between times
t and n on the x-axis and the absolute dot product of the
k*M eigenvector of A at times ¢t and n. Eigenvectors cor-
responding to large eigenvalues are shown in bright colors
and those corresponding to smaller eigenvalues in transpar-
ent colors. These plots suggest the following interpretation:
The general trend leaves the eigenvector similarity as mea-
sured by the dot product near one for the lifetime of the
network, with similarity being higher for those eigenvectors
with larger eigenvalues. In some networks such as YouTube,
the similarity of eigenvectors suddenly drops to zero at spe-
cific points in time. As we will see, this is due to eigenvectors
exchanging places in the decomposition, or in other words,
the eigenvalues passing each other. The next test will in-
spect these permutations.

3.3 Eigenvector Stability

How stable are eigenvectors over time? To answer this
question we compute the absolute eigenvalues of eigenvector
pairs at two times ¢ and t2. At time 1, the networks contain
75% of all known edges, and at time t» they contain all
known edges. Let

Ay =UnAn UG,
A = Up)Ap) U

be the eigenvalue decompositions at times ¢; and t2. We
then compute the cosine similarities |U<Tl),iU(2)4j| between
all pairs (¢,7) of latent dimensions. We show the resulting
matrices using white for zero and black for one, and con-
tinuous shades in between in Figure @ These plots give an
indication as to what extent eigenvalues are preserved over
time. If all eigenvalues are distinct and network evolution is
purely spectral, then these matrices are permutation matri-
ces. In addition, they are diagonal unit matrices when the
latent dimensions do not overtake each other. The deriva-
tion from a diagonal matrix then gives an indication as to
the monotony of the underlying spectral transformation.
Testing the eigenvector stability in this way has one draw-
back. If two eigenvalues are (almost) equal, an exchange
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Figure 3: The evolution of eigenvectors: The sim-
ilarity between the eigenvectors of the full graph
and the eigenvectors of partial graphs, by increas-
ing number of added edges. Each latent dimension
is represented by one curve, with brighter colors for
dominant latent dimensions. (a) The Netflix rating
network, (b) The YouTube social network.

between their eigenvectors does not change the matrix by
much. Therefore, we have to inspect more carefully the
well-separated eigenvalues, which are larger. The next test
is designed to be robust against such multiple eigenvalues.

3.4 Diagonality Test

We apply our algorithm previously described in [16] to
learn spectral transformations by finding a function of the
diagonal eigenvalue matrix that best fits a certain spectral
link prediction function. If

T
An)=UynAyUg,

is the eigenvalue decomposition at time ¢;, then at time t2
it is expected to become

A =Uw (A +D)UG,

where D is diagonal.

1
"
5,. " . 1
10f .... .l. 1 0.8
157 * . .
207 - " 0.6
S | "u
8 25 ik
30 - i 11104
35 -
= -
40t - 1 0.2
l....
45¢ "]
‘ ‘ ‘ . N
10 20 30 40
K
(a) Precise spectral growth
1
5,
o Mg | Mos
15¢ iy 1
20/ e { Bos
— | ] z
&, 25¢ (S
30} iy 1 Floa
'
35/ -
40t E 0.2
45|
: : : : 0
10 20 30 40
K
(b) Imprecise spectral growth
Figure 4: The absolute dot product of all eigen-

value pairs at two times in network evolution. These
plots show permutation matrices (with 0 in white
and 1 in black) when the network evolution is purely
spectral and eigenvalues are simple. The derivation
from a diagonal matrix gives an indication as to the
monotony of the underlying spectral transformation.
(a) The Facebook social network, (b) The Flickr so-
cial network.

The best fit of D in a least-squares sense is then given by
D =Uu)(Aw — Aw)U().

The diagonality test plots in Figureshow the matrices D
for several networks. These plots give an indication to what
extent growth is spectral. If the growth between times t;
and t2 is purely spectral, then the matrix D is diagonal. The
plots show this matrix to be diagonally dominant, indicating
that the spectral evolution model is correct to a large extent,
but not perfect.

In other words, there is a small amount of mixing between
latent dimensions. The plots also show that the small off-
diagonal values are not clustered near the main diagonal,
implying that the small amount of mixing does not happen
between adjacent latent dimensions specifically. We there-
fore interpret this mixing as noise rather than a feature of
network evolution.
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Figure 5: The diagonality test of spectral network
evolution in the Facebook social network, showing
a plot of the matrix D described in the text. If
network evolution was perfectly spectral, the plot
would show a clean diagonal.

3.5 Learning Graph Kernels

In Figure |2| we observed some graph spectra to evolve
in a regular fashion and others not. However, these plots
do not reveal which link prediction functions they match.
To find out, we apply the method described in [16]. This
method takes a network at an intermediate timeslice (the
endpoint of the training set), and compares the intermedi-
ate and the final spectra and corresponding eigenvalues by
reducing the comparison to a one-dimensional curve fitting
problem. This is achieved by computing how the spectrum
should look like in the final graph. The underlying idea is
that if network growth corresponds to a certain spectral link
prediction function, the new spectrum is a corresponding
real function of the intermediate spectrum.

Let A(;y and A(9) be the adjacency matrices at times ¢;
and t2, and Ay = U(I)A(DU(TD the eigenvalue decomposi-
tion of A(yy. Assuming that graph growth follows a spectral
transformation F(A(;)) = A(g) leads to the optimization
problem

min  [[F(Aw) = UG AxUn 3.

Since this problem is independent of the off-diagonal entries
in U(TI)A(Q)U(I), it can be reduced to the following form:

. 2
min 3, [f(Awi) = (U AUl

where f(A) is the real function such that F'(A (1)) = f(A(1)i)-

As an example, estimating the parameters of an expo-
nential graph kernel F'(A()) = fexp(aA() amounts to
solving

2
min > [5 exp(ah (1)ii) — (U<Tl>A(2>U(1>)ii]

K3

This minimization problem is a one-dimensional nonlinear
curve fitting problem that can be easily be solved by exist-
ing method Figure |§| shows the results of curve fitting
for several common graph kernels. While some networks

le.g., the function 1sgnonlin in MATLAB
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Figure 6: Comparing actual spectral transforma-
tions and several known graph kernels in the signed
Wikipedia vote graph. In this plot, each curve rep-
resents a specific spectral transformation. If curve
fitting is tight for a particular curve, the correspond-
ing link prediction function describes the network
growth well. On the other hand, outliers represent
latent dimensions whose growth is not well described
by known link prediction functions.

indeed display growth patterns that follow specific spectral
link prediction functions, others do not. In particular, some
networks seem to follow a regular spectral transformation
except for single latent dimensions, which grow differently.
This observation is the basis of the method described in
Section The spectral growth has to be learned indepen-
dently of any graph kernel. First however, we test whether
the spectral evolution model is justified by theoretical graph
growth models.

4. SPECTRAL GROWTH MODELS

We have seen in Section [2] that the matrix exponential
is a spectral transformation. In fact, several other link pre-
diction algorithms are also spectral transformations. These
methods show that the spectral evolution model arises nat-
urally in different graph growth models such as diffusion
models, path closing models and rank reduction models. At
the same time, it is important to verify that the spectral
evolution model is not trivial, i.e. that it does not arise sim-
ply by a random graph growth model. To do this, we first
show how it follows from common link prediction models,
and then show that it does not arise from a simple random
graph growth model.

4.1 Graph Kernels

A certain number of link prediction algorithms are known
as graph kernels [8]. In this context, a graph kernel is a
positive-semidefinite function of two nodes of a given graph
that denotes similarity or proximityﬂ A graph kernel can
be understood as a positive-semidefinite function K (A) of a
graph’s adjacency matrix. If A = UAUT is the eigenvalue
decomposition of the adjacency matrix A, then a spectral
graph kernel can be written as K(A) = UF(A)U7 for var-

2In another context, a graph kernel is a positive-semidefinite
function of two (usually small) graphs.



ious functions F(A) which apply a real function f(\) to
each eigenvalue in A. By construction, graph kernels can
be computed from the eigenvalue decomposition of A. The
following are common choices for graph kernels:

Matrix Exponential.
The matrix exponential of the adjacency matrix can be
used as a link prediction function [15].

o
K(A) = exp(aA) = > A"
— i

As mentioned in Section the exponential graph kernel
denotes the sum over all paths between any two nodes,
weighted by the inverse factorial of path length. The ex-
ponential graph kernel corresponds to the spectral transfor-
mation f(\) = e™*.

The von Neumann Kernel.

The von Neumann kernel arises when considering a dif-
fusion process in which a certain amount of flow is lost on
each edge [13].

K(A)=(I-aA)™!

where « is chosen such that o~ > |\1], where |A1| is the

largest absolute eigenvalue of A. The resulting spectral
transformation is f(A\) = 1/(1 — @)). The von Neumann
kernel is also called the Katz index when it is used for link
prediction [22].

Rank Reduction.

For large graphs, the eigenvalue and singular value de-
compositions can only be computed up to a small rank k,
in practice not greater than about 100. The fact that link
prediction using a reduced rank achieves reasonable results
is explained by rank reduction being a good link predic-
tion method in itself. Thus, varying k results in varying
link prediction accuracy [28]. Reduction to a rank k can be
interpreted as the spectral transformation f(A) = A when
IA] > |Xx|, and f(\) = 0 otherwise, where |\z| is the k'™
largest absolute eigenvalue of A.

Path Counting.

We discussed that the exponential graph kernel can be
understood as giving each path an importance equal to the
inverse factorial of its length. This can be generalized to any
weight function, and results in matrix polynomials P(A) and
matrix powers as special cases. In the simplest case, this is
the square A2, which corresponds to the triangle closing
model of link prediction [20], since it counts the number of
common neighbors of all vertex pairs. The corresponding
spectral transformation is simply the polynomial P applied
to each eigenvalue separately.

4.2 Community Model

If a symmetric matrix A is updated by a rank-one matrix
wu”T, then that update is a spectral transformation when
u is an eigenvector of A [6]. This spectral transformation
updates the eigenvalue corresponding to u by |u|2. If a la-
tent dimension is interpreted as a subcommunity of a net-
work described by an eigenvector u, an update of uu? can
be understood as a change within that community. In a
user—user email network for instance, an update of uuT cor-

responds to new email events among the subcommunity of
users represented by u. The relative growth of individual la-
tent dimensions is not predicted by this community model,
justifying the spectral network model but not any specific
graph kernel.

4.3 Irregular Growth

In several real-world networks, the growth is a spectral
transformation, but does not follow any specific spectral
transformation function. For instance, a latent dimension
may stop growing and then level out, as in Figure for
the Facebook social network. As this plot shows, a stagnat-
ing latent dimension may also restart growing. There may
be several possible explanations for this behavior. The Wiki
authorship datasets are particularly useful in this regard,
because the names of users and items are known, allowing
us to give interpretations of network growth. For many Wiki
authorship networks, these dimensions represent automatic
bots or other exceptional editing. We made the following
observations:

e Simple change in the network: A certain book on the
French Wikibooks becoming inactive (build your house—
construire sa maison), and large but temporal discus-
sions (Italian and Japanese Wikipedias)

e Automatic addition of edges: Wikipedia bots editing
articles and mass imports of articles (Russian Wiki-
pedia)

e Global disruptions in the network (Enron)

In most cases however, the reason for irregular but spec-
tral growth is unknown because no vertex labels are pro-
vided with the datasets. In these cases, the irregularity can
nonetheless be learned because it is spectral.

4.4 Random Perturbation Model

The graph kernels reviewed in this section all predict spec-
tral growth, which leads to the question whether non-spectral
growth is possible under other graph growth models. Let
Ay = UAUT be the adjacency matrix of a network, and
A+1) = Ay + E a perturbation of Ay where ||E|2 =
€ is small and E can be thought of as an infinitesimally
small edge added to the network. A perturbation argument
then shows that the eigenvalue decomposition of A1) =

UAU7 has the following bounds [30]:

|A—Allr O(€%)
ULU0L = O

As a result, eigenvectors are expected to change faster than
eigenvalues for random additions to the adjacency matrix.
We were able to confirm this prediction in synthetic random
tests, which shows that spectral growth is not explained by
a random graph model and is thus a nontrivial emergent
property of real-world networks.

S. SPECTRAL EXTRAPOLATION

We now derive, as an application of the spectral evolution
model, a new algorithm for link prediction. According to
the spectral evolution model established in the previous sec-
tions, the spectrum of a network evolves over time, while the
eigenvectors remain constant. We saw that this assumption
is true to a good approximation in large real-world networks.



In this section, we will exploit this fact to derive a new algo-
rithm for link prediction. We assume that a given network
grows spectrally, but do not make any other assumptions.
In particular, we will not assume that growth follows any
spectral transformation function implied by a specific graph
kernel. For this reason, our new link prediction algorithm is
a generalization of spectral graph kernels.

5.1 Regular and Irregular Functions

Graph kernels such as the matrix exponential assume there
is a real function f(\) which describes the growth of all
eigenvalues. In the graph kernels of Section [4] this function
is very regular; it is positive and convex. Learned spectral
transformations such as the one in Figure [6] are however ir-
regular, and no simple function solves the resulting curve
fitting problem well. This is consistent with the observation
that some eigenvalues cross each other, indicating that a
non-monotonous spectral transformation function is needed.

For these reasons, we consider the growth of each latent
dimension separately. If we knew that eigenvalues did not
cross each other, we could compare the i*" eigenvalue at two
points in time and extrapolate a third value. But because
eigenvalues pass each other, we must learn the correspon-
dence between new and old eigenvalues.

5.2 Algorithm Description

We now describe our algorithm for predicting links by
extrapolation of spectral growth. We describe our method
for symmetric graphs and the eigenvalue decomposition. For
bipartite graphs, the singular value decomposition can be
used analogously. To minimize the amount of computation
needed, we base the extrapolation on only two times: t1, an
intermediate time, and t2, the final time where the training
set is complete. Therefore, our method only requires the
computation of two eigenvalue decompositions.

We denote by Ay and Az the adjacency matrices at
times ¢; and t2, and then consider the eigenvalue decompo-
sition at each time t:

T
Ay = UpAnUgy

To find out which latent dimension i at t; corresponds to
latent dimension j at t2, we compute a mean of eigenvalues
at t1, weighted by the similarity between the two latent di-
mensions at ¢t; and t2. As a similarity measure, we use the
dot product between the corresponding normalized eigen-
Vectorﬂ Thus if A(2y; is an eigenvalue at 2, its estimated
previous value at t; is

-1
N T T
Aw; = (E :Uu)-iU(zw) > UL.iUe) Ay

In other words, the values X(l)j are an estimate of the di-
agonalization of Ay by Ur). We can then perform linear

extrapolation to predict an eigenvalue 5\(3>j in the future.
A@i = 2@~ Ay

Using the matrix A(3) = (;\<3)j), the predicted edge weights
are then U<2>JAX(3>U;‘F2). Note that the computed eigenvalues

5\(3)j are not necessarily ordered by absolute value, instead
they retain the ordering of Uy,

3We also experimented with various powers of the dot prod-
uct, but results were mostly identical.

Table 1: Summary of link prediction methods.

Function Spectral transformation

P Polynomial f) =Y, i\

NNP Nonneg. polynomial )=, aiX, o >0

EXP Matrix exponential fQ) = e

RED Rank reduction F(A) = Awhen|A| > [ Mg,
f(X) = Ootherwise

AA Adamic/Adar
NB Common neighbors -

EXT Spectral extrapolation Irregular

5.3 Experimental Setup

We compare the performance of the spectral extrapolation
algorithm to other link prediction methods on the task of
predicting links in the collection of network datasets shown
in Table We split each network into training, validation
and test sets of edges. The splits are chosen by timestamps.
Each test set contains 30% of the total number of edges, and
each validation set contains 30% of the number edges in each
combined training and validation set. We then prune all
nodes outside the giant connected component in the training
set, in order to avoid predicting edges between unconnected
parts of the network.

As a performance measure, we use the mean average pre-
cision (MAP) [23] in the following way: For each vertex
adjacent to edges in the test set, we compute the average
precision of predicted edges, and compute the mean over
all these average precisions. For unweighted and positively
weighted networks (such as communication networks), the
task is to predict the location of edges, and the mean av-
erage precision is computed in relation to that goal, i.e. we
count an edge as correctly predicted if it is present at least
once in the test set. For other edge weights, we count an
edge as correctly predicted when it has positive weight for
signed networks, or if it has weight greater than the average
for rating networks.

We compare the spectral extrapolation method with graph
kernels and non-spectral link prediction methods. The graph
kernels are learned using the method of [16]. The non-
spectral link prediction methods are those described in [22].
A summary of all evaluated methods is given in Table

5.4 Evaluation Results

Figure [7] shows the extrapolation method applied to the
English Wikipedia hyperlink graph. The numerical results
are in Table 2

These results show that the spectral extrapolation method
outperforms graph kernels in some cases, but not always. In
several cases, graph kernels learned using the method of [16]
predict links with higher accuracy than spectral extrapola-
tion. This can be explained either by growth following graph
kernels very closely, e.g. the Wikipedia votes in Figure[6] or
by overfitting, as for the Swedish Wikipedia.

The Wikipedia edit graphs are available for all Wikipedia
languages separately, and a cross comparison suggests that
the spectral extrapolation method works better for large
graphs. The English Wikipedia is not included as it was
too large to process, with about 200 million edits.

We can conclude from the experiments that the spectral
evolution model results in a single link prediction algorithm



Table 2:

Overview of datasets and results of our experiments.

The link prediction accuracy results are

reported in the mean average precision (MAP) measure. We highlight well-performing cases: The overall
best performance numbers are in bold and if spectral extrapolation has better than average performance, its
numbers are in italics. The list of prediction algorithms is given in Table

[ Network I Nodes | Edges [[ P [ NNP [ EXP [ RED [[ AA [ NB [[ EXT ][ Ref. |
Social networks (person—person) -
Advogato 6,518 51,726 0.758 0.878 0.881 0.672 0.933 | 0.931 0.881 29
Epinions 131,828 841,372 0.778 0.794 0.794 0.785 0.862 | 0.860 0.844
Facebook 63,891 876,993 0.744 0.743 0.742 0.560 0.835 | 0.835 0.749
Flickr 2,302,925 33,140,018 0.647 | 0.636 0.605 0.500 - - 0.577
LibimSeTi 220,970 17,359,346 0.619 0.619 0.619 0.441 0.467 0.466 0.619
Slashdot Zoo 79,120 515,581 0.826 | 0.824 0.820 0.728 0.798 0.797 0.821
YouTube 3,223,643 18,524,095 0.504 0.530 0.521 0.499 0.592 | 0.592 0.551
Wikipedia talk 2,394,385 5,021,410 0.640 0.662 0.655 0.501 0.640 0.640 0.673
Wikipedia votes 7,115 103,689 0.867 0.945 | 0.929 0.637 0.839 0.840 0.917
Collaboration networks (person—person)

Astro-ph 18,772 396,160 0.870 0.869 0.867 0.579 0.982 | 0.982 0.870 19
DBLP 722,383 | 8,302,144 ” 0.751 | 0.750 | 0.751 | 0.611 ” - | - ” 0.755 ” Hﬁl
Communication networks (person—person)
Enron emails 87,365 1,149,884 0.870 0.871 0.870 0.670 0.908 0.913 0.795 14
EU emails | 265,214 | 420,045 ” 0.852 | 0.968 | 0.961 | 0.759 ” 0.921 | 0.921 ” 0.974 ” ﬂﬁ'
Authorship networks (author—article)
Dutch Wikipedia 98,343+1,360,344 16,135,919 0.731 | 0.693 0.728 0.611 — — 0.730 33
French Wikipedia 236,982+3,479,808 38,015,550 0.681 0.744 0.747 0.655 - — 0.772 @
German Wikipedia 368,3754-2,846,674 48,924,295 0.654 0.685 0.685 0.649 - - 0.722 33|
Italian Wikipedia 115,048+1,973,838 | 21,635,876 || 0.752 | 0.759 | 0.759 | 0.629 || - - 0.742 33
Japanese Wikipedia 160,993+1,654,657 | 17,267,982 || 0.738 | 0.749 | 0.752 | 0.614 || - - 0.763 33
Polish Wikipedia 91,033+1,153,614 14,969,191 0.731 | 0.713 0.715 0.609 - - 0.722 33
Portuguese Wikipedia 123,2964-2,032,116 13,043,612 0.646 0.674 0.674 0.612 - — 0.736 @
Russian Wikipedia 97,0004-1,639,565 15,633,090 0.701 0.734 0.734 0.644 - - 0.769 33|
Spanish Wikipedia 278,7394+2,132,836 | 21,634,713 || 0.668 | 0.743 | 0.743 | 0.649 || - - 0.792 33
Swedish Wikipedia 57,8624-861,805 8,457,086 0.681 | 0.674 0.674 0.591 0.678 33
Rating networks (person—item)
BookCrossing 105,2834-340,532 1,149,780 0.840 0.841 | 0.841 | 0.833 - - 0.836 35
Jester 24,9384-100 616,912 0.763 0.757 0.769 | 0.671 - - 0.758
MovieLens 71,567465,133 10,000,054 0.755 0.755 0.727 0.642 0.759 1
Netflix 480,189+-17,770 | 100,480,507 0.559 0.561 | 0.560 0.416 — — 0.561
Citation/Link networks (document—document)
arXiv Hep-ph 28,093 12,730,098 0.697 0.703 0.700 0.592 0.757 | 0.757 0.748 19
Citeseer 723,131 1,764,929 0.677 0.677 0.677 0.501 0.644 0.643 0.684
Patents 3,774,768 16,522,438 0.666 0.665 0.665 0.500 - - 0.666 11
Wikipedia links 1,870,709 39,953,145 0.634 0.639 | 0.630 0.500 - - 0.624 25
WWW 325,729 1,497,135 0.681 0.685 0.685 0.501 0.687 | 0.687 0.684
Folksonomies (document—tag)
BibSonomy 4,969+624,020 1,935,143 0.609 0.710 0.707 0.553 - - 0.711 12
CiteULike || 731,769+153,277 2,411,819 ” 0.632 | 0.644 | 0.644 | 0.503 ” - | - ” 0.642 ” “‘ﬁl
suitable for networks that grow spectrally, and that makes
the choice of a specific graph kernel obsolete. As we showed
in Section networks from all application areas are observed
a0l o Testsel [—— to grow spectrally. Therefore, the spectral extrapolation
et model can be applied universally to link prediction problems
600 ¢ of any kind, replacing individual graph kernels in all kinds
4001 qeen Pt of link prediction applications.
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Figure T7:

Edge count m)

Applying spectral extrapolation to the

Wikipedia hyperlink graph. Spectral extrapolation
is computed using only the decompositions at the
split points between the training and validation and
validation and test sets.

6.1 Avoided Crossings

As observed in several examples, a latent dimension can
overtake another. In these cases, our model predicts cross-
ings in the spectral plot. Looking more closely at actual
spectra, we however observe something different: The smaller,
growing eigenvalue slows down growth before it reaches the
larger eigenvalue, and the larger eigenvalue starts growing
at about the same rate. We observe this behavior in several
datasets, as shown in Figure [§

This phenomenon is called an avoided crossing and can be
explained as follows 8.5]. Let A and B be two symmet-
ric rank-1 matrices of the same size. Then the eigenvalues
of A +1B for a real parameter ¢ display the avoided crossing
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Figure 8: An avoided crossing as observed in the
growth of the Wikipedia link network’s two domi-
nant eigenvalues and eigenvectors in (a), and in a
rank-1 model in (b). The red and green color com-
ponents denote the cosine distance of eigenvectors
to initial eigenvectors.

behavior. This behavior is explained by the fact that the
two eigenvectors of A and B are not orthogonal in the gen-
eral case and by considering the dimension of matrices with
multiple eigenvalues.

In the rank-1 case, let A = aaa” and B = 8bbT, then «
and ¢S are only eigenvalues of A +tB if a and b are collinear
or orthogonal. Otherwise, an avoided crossing is observed as
in Figure[8] where the color and brightness of points encodes
the dot product of the corresponding eigenvectors with the
initial eigenvectors, using green for the first and red for the
second eigenvector. The plots show the two dominant sin-
gular values of the Wikipedia link network, and a rank-1
simulation.

Thus, an avoided crossing indicates that a decomposition
into outer products of orthogonal vectors is not the natural
representation for some networks. If the true decomposi-
tion using a and b is used, the crossing would be unavoided.
Alternatively, an avoided crossing may result from a pertur-
bation of orthogonal latent dimensions in the same manner.

6.2 Joint Diagonalization

A related but different link prediction method consists of
computing a joint diagonalization of a network’s adjacency
matrices at different times [31]. By construction, the result-
ing network evolution is spectral, and the approximation at
each timepoint is less precise than the eigenvalue or singular
value decomposition as described in this paper.

In fact, our spectral evolution model provides a justifica-
tion for these advanced methods, since joint diagonalization
implies constant or near-constant eigenvectors.

6.3 Spectral Kernel Learning

The spectral transformation of kernel matrices has been
used before in semi-supervised learning settings [5)34]. These
previous works however do not observe which spectral trans-
formation applies to the used datasets, and are restricted to
basic spectral transformations such as rank reduction and
linear kernels. These works also do not take into account
the temporal evolution of the data.

6.4 Laplacian Matrix

Other graph kernels than those presented here can be de-
fined as the spectral transformation of either the combina-
torial or normalized Laplacian matrix D — A, where D is
the diagonal degree matrix. In our experiments, we found
the Laplacian eigenvalues to not grow in a regular fashion,
but instead “jump” at unpredictable times. In the literature,
these kernels are mostly used for spectral clustering rather
than link prediction [27].

7. DISCUSSION

The spectral evolution model states that in many real-
world networks, growth can be described by a change of
the spectrum, while the corresponding eigenvectors remain
constant. This assumption is true to a large extent in most
networks we analysed in many different types of networks.
A limitation however exist: The observed phenomenon of
avoided crossings hints at non-orthogonal latent dimensions.

We then derived a link prediction algorithm based on
the spectral evolution model. This method generalizes sev-
eral spectral link prediction functions. In actual networks,
this method provides more accurate link prediction in many
cases, in particular in networks with irregular but still spec-
tral growth. For networks with very regular growth, regular
graph kernels perform better however. Across all datasets,
the performance of our method was better than any single
link prediction method. Our new extrapolation method is
also parameter free: Not only are there no parameters, as in
various graph kernels, but our method makes the choice of
a specific spectral growth model unnecessary.

Comparing different types of networks, the spectral evo-
lution model seems to be true for bipartite user—item net-
works and true to a lesser extent for user—user networks.
We conjecture an application of spectral evolution to non-
orthogonal matrix decompositions, based on the observa-
tions of avoided crossings. We conjecture that a step to-
wards this goal may be to consider the non-diagonal entries
of UyArUq).

Finally, the spectral evolution model provides the justifi-
cation for more complex link predictions methods such as
those based on tensor decomposition, by interpreting the
eigenvalue decomposition over time as a joint diagonaliza-
tion problem.
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